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Abstract

The existence of mandatory emission trading schemes in Europe and the US, and
the increased liquidity of trading on futures contracts on CO2 emissions allowances,
led naturally to the next step in the development of these markets: these futures con-
tracts are now used as underliers for a vibrant derivative market. In this paper, we give
a rigorous analysis of a simple risk-neutral reduced-form model for allowance futures
prices, demonstrate its calibration to historical data, and show how to price European
call options written on futures contracts.
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1 Introduction

Global warming and environmental problems continue to challenge policy makers. In part
because of the success of the U.S. Acid Rain Program, cap-and-trade systems are now
considered as one of the most promising ways to combat climate change on an international
scale. The core principle of such a mechanism is based on an authority which allocates fully
tradable credits among emission sources and sets a penalty being paid per unit of pollutant
which is not offset by a credit at the end of a pre-determined period. The idea is that the
introduction of emission trading leads to price discovery of permits which helps to identify
and to exercise the cheapest emission abatement measures. For this reason, market-based
mechanisms for emission reduction are supposed to yield pollution control in the cheapest
way for the society. Notwithstanding the fact that the rigorous equilibrium analysis from [4]
and [5] confirm that social optimality does not necessarily mean that the scheme is cheap
for consumers, emission trading should be considered as a cost-efficient and effective tool.
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By its very nature, the regulatory framework of any mandatory cap-and-trade system in-
volves its participants in a risky business, necessarily creating the need for appropriate risk
management. Trading of certificates from a mandatory schemeis typically accompanied
by an active secondary market where diverse emission-related financial assets (futures) in-
cluding a fast-growing variety of their derivatives are traded. In this work, we address the
problem of risk neutral modeling of emission certificates. Our approach can be considered
as a reduced form modeling intended to describe evolution ofemission-related assets from
the perspective of risk-neutral dynamics. With this contribution, we suggest a quantitative
framework suitable for pricing diverse emission-linked derivative instruments.

Despite the large number of pieces in the popular press and numerous speculative articles
in magazines, the scientific literature on cap-and-trade systems is rather limited, especially
if one restricts ourselves to quantitative analysis. For the sake of completeness, we briefly
review the publications related to our contribution. Theeconomic theoryof allowance trad-
ing can be traced back to [9] and [14] whose authors proposed amarket model for the public
goodenvironmentdescribed by tradable permits.Dynamic allowance tradingis addressed
in [8], [22], [16], [12], [17], [20], [13] and in the literature cited therein.Empirical evi-
dence from existing marketsis discussed in [?]. This paper suggests economic implications
and hints at several ways to model spot and futures allowanceprices, whose detailed inter-
relations are investigated in [23] and [24]. There, the demand for derivative instruments in
emission markets is also addressed. In [1] characteristic properties for financial time series
are observed for prices of emission allowances from the mandatory European Scheme EU
ETS. Furthermore, a Markov switch and AR-GARCH models is suggested. The work [15]
considers also tail behavior and the heteroscedastic dynamics in the returns of emissions
allowance prices.Dynamic price equilibrium and optimal market designare investigated
in [4] which provides a mathematical analysis of the market equilibrium and uses optimal
stochastic control to show social optimality. Based on thisapproach, [5] discusses price for-
mation for goods whose production is affected by emission regulations. In this setting, an
equilibrium analysis confirms the existence of the so-called windfall profits (see [19]) and
provides quantitative tools to analyze alternative marketdesigns, which are applied in [3]
to optimize a cap-and-trade mechanism for a proposed Japanese emission trading scheme.
Pricing of optionswas addressed only recently. The paper [7] discusses an endogenous
emission permit price dynamics within equilibrium settingand elaborates on valuation of
European option on emission allowances. The work [18] and the dissertation [25] deal with
the the risk-neutral allowance price formation within EU ETS. Here, utilizing equilibrium
properties, the price evolution is treated in terms of marginal abatement costs and optimal
stochastic control. Also the work [6] is devoted to option pricing within EU ETS. The au-
thors suppose that the drift of the underlying is related to ahidden variable which describes
the overall market position in allowance contracts and makeuse of filtering techniques to
derive option price formulas which reflect specific allowance banking regulations, valid in
the EU ETS.

The present paper is organized as follows. First, we discussa model of an emission mar-
ket within one compliance period. Section 2 introduces a class of risk neutral models based
on the analysis of diffusion martingales ending up with two values. Section 3 investigates
historical model calibration for one of these models. In thesecond part of the paper, we gen-
eralize our analysis to a more realistic multi-period framework which incorporates generic
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features of the real-world emission markets. Section 4 provides the modifications necessary
to extend the results of the one-period model and we show how to price European options
on allowance futures prices in this general set-up.

2 Risk Neutral Model for a Single Compliance Period

In this section, we consider a simple model for an abstract emission market. We restrict
ourselves to a single compliance period, say[0, T ]. The more realistic case of a multi-
period models is treated in Section 4.

In the one-period setting, credits are allocated at the beginning of the period in order to
enable allowance trading until timeT and to encourage agents to exercise efficient abate-
ment strategies. At the compliance dateT , market participants cover their emissions by
redeeming allowances, or pay a penaltyπ per unit of pollution not offset by credits. In this
one-period model, unused allowances expire worthless as wedo not allow for banking into
the next period. Under natural assumptions, equilibrium analysis shows that the allowance
priceAT at compliance dateT is a random variable taking only the values0 andπ (see [4]
and [5]). More precisely, if the market remains under the target pollution level, then the
price approaches0. Otherwise, the allowance price tends to the penalty levelπ.

All the relevant asset price evolutions are assumed to be given by adapted stochastic
processes on a filtered probability space(Ω,F , P, (Ft)t∈[0,T ]), on which we fix an equiv-
alent probability measureQ ∼ P which we call the spot martingale measure.We denote
by (At)t∈[0,T ] the price process of a future contract with maturity dateT written on the
allowance price. Given the digital nature of the terminal allowance priceAT , the central
object of our study is the eventN ⊂ FT of non-compliance which settles the{0, π}-
dichotomy of the terminal futures price by

AT = π1N . (1)

Furthermore, a standard no-arbitrage argument shows that the futures price(At)t∈[0,T ] needs
to be a martingale for the spot martingale measureQ. Hence, the problem of allowance price
modeling reduces to the appropriate choice of the martingale

At = πEQ(1N |Ft), t ∈ [0, T ].

There are many candidates for such a process, but no obvious choice seems to be versa-
tile enough for the practical requirements described below. An important requirement is
the need to match the observed volatility structure. For a practitioner trying to calibrate at
time τ ∈ [0, T ] a model for the martingale(As)s∈[τ,T ] which finishes at0 or π, the mini-
mum requirements are to match the price observed at timeτ , as well as the observed price
fluctuation intensity up to this timeτ . Further model requirements include the existence
of closed-form formulas or at least fast valuation schemes for European options, a small
number of parameters providing sufficient model flexibility, and reliable and fast parameter
identification from historical data. The goal of this paper is to present and analyze simple
models satisfying these requirements.
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Our starting point is the non-compliance eventN ∈ FT which we describe as the event
where a hypothetic positive-valued random variableΓT exceeds the boundary1

N = {ΓT ≥ 1}.

If one denotes byET the total pollution within the period[0, T ] which must be balanced
against the total numberγ ∈ (0,∞) of credits issued by the regulator, then the event of
non-compliance is given by

N = {ET ≥ γ}
which suggests thatΓT should be viewed as the normalized total emissionET /γ. However,
in our modeling, we merely describe the non-compliance event. Strictly speaking, so any
random variableΓT with

{ΓT ≥ 1} = {ET /γ ≥ 1}
would do as well. On this account, we do not claim thatΓT represents the total normalized
emissionET /γ.

So we will consider the martingale

At = πEQ(1{ΓT ≥1} |Ft), t ∈ [0, T ]

where the random variableΓT is chosen from a suitable parameterized family of random
variables

{Γθ
T : θ ∈ Θ}. (2)

For reasons of model tractability, we suppose that the filtered probability space supports a
process(Wt)t∈[0,T ] of Brownian motion with respect to the spot martingale measureQ, and
we investigate families (2) which give allowance prices

Aθ
t = πEQ(1{Γθ

T
≥1} |Ft), t ∈ [0, T ]

with a Markovian stochastic evolution of the form

dAθ
t = vθ(t, Aθ

t )dWt

where the diffusion termvθ captures the basic properties of historical allowance prices. In
particular, we will match exactly the observed initial allowance price and the initial instan-
taneous price fluctuation intensity.

To simplify the notation, we consider the normalized futures price process

at :=
1

π
At = EQ(1{ΓT ≥1} | Ft) t ∈ [0, T ].

and we describe it under special assumptions onΓT . Our goal is to identify classes of
martingales{at}t∈[0,T ] taking values in the interval(0, 1), and satisfying

P{ lim
tրT

at = 1} = 1 − P{ lim
tրT

at = 0} ∈ (0, 1). (3)

We first identify a parametric family of such martingales by working backward from a
simple model for the random variableΓT which may be interpreted as a proxy for the final
cumulative level of emissions.
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2.1 Basic Model

Throughout the paper we use the notationN(µ, σ2) for tee normal distribution with mean
µ and varianceσ2, and writeΦ to denote the distribution function of the standard normal
distribution.

Proposition 1. Suppose that

ΓT = Γ0e
∫ T

0
σsdWs−

1
2

∫ T

0
σ2

sds, Γ0 ∈ (0,∞) (4)

for some continuous and square-integrable deterministic function(0, T ) ∋ t →֒ σt. Then
the martingale

at = EQ(1{ΓT ≥1} | Ft) t ∈ [0, T ] (5)

is given by

at = Φ





Φ−1(a0)
√

∫ T
0 σ2

sds +
∫ t
0 σsdWs

√

∫ T
t σ2

sds



 (6)

and it solves the stochastic differential equation

dat = Φ′(Φ−1(at))
√

ztdWt (7)

where the positive-valued function(0, T ) ∋ t →֒ zt is given by

zt =
σ2

t
∫ T
t σ2

udu
, t ∈ (0, T ). (8)

Proof. A direct calculation shows

at = EQ(1{ΓT ≥1} | Ft) = Q{ΓT ≥ 1 | Ft}

= Q

{

Γte
∫ T

t
σsdWs−

1
2

∫ T

t
σ2

sds ≥ 1 | Ft

}

= Φ





ln Γt − 1
2

∫ T
t σ2

sds
√

∫ T
t σ2

sds





= Φ





ln(Γ0) +
∫ t
0 σsdWs − 1

2

∫ T
0 σ2

sds
√

∫ T
t σ2

sds





= Φ





ln(Γ0) − 1
2

∫ T
0 σ2

sds
√

∫ T
0 σ2

sds

√

∫ T
0 σ2

sds
√

∫ T
t σ2

sds
+

∫ t
0 σsdWs
√

∫ T
t σ2

sds



 ,

and taking into account the initial condition

a0 = Φ





ln(Γ0) − 1
2

∫ T
0 σ2

sds
√

∫ T
0 σ2

sds



 ,
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we obtain the desired expression (6). In order to show (7), westart with (6)

at = Φ(Xt), t ∈ [0, T ],

where

Xt =
x0 +

∫ t
0 σsdWs

√

∫ T
t σ2

sds
for t ∈ [0, T ], X0 = x0 = Φ−1(a0)

√

∫ T

0
σ2

sds (9)

with deterministica0 ∈ (0, 1). Computing its Itô differential, we get

dXt = (

∫ T

t
σ2

sds)−
1
2 σtdWt + (x0 +

∫ t

0
σsdWs)(−

1

2
)(

∫ T

t
σ2

sds)−
3
2 (−1)σ2

t dt

= (

∫ T

t
σ2

sds)−
1
2 σtdWt +

1

2
Xt(

∫ T

t
σ2

sds)−1σ2
t dt

d[X]t = (

∫ T

t
σ2

sds)−1σ2
t

and we derive the differential of the normalized allowance prices as

dat = dΦ(Xt) = Φ′(Xt)dXt +
1

2
Φ′′(Xt)d[X]t

= Φ′(Xt)dXt +
1

2
(−Xt)Φ

′(Xt)d[X]t

= Φ′(Xt)(

∫ T

t
σ2

sds)−
1
2 σtdWt + Φ′(Xt)

1

2
Xt(

∫ T

t
σ2

sds)−1σ2
t dt

+
1

2
Φ′(Xt)(−Xt)(

∫ T

t
σ2

sds)−1σ2
t

= Φ′(Xt)(

∫ T

t
σ2

sds)−
1
2 σtdWt

= Φ′(Φ−1(at))
√

ztdWt

with positive-valued functionzt defined by (8).

The stochastic differential equation (7) can be interpreted in the following way. Because
of the factor

√
zt in front of dWt, at can be viewed as the time-changed version of a mar-

tingale{Yt}t≥0 indexed by[0,∞), taking values in(0, 1) and satisfying

P{ lim
tր∞

Yt = 1} = 1 − P{ lim
tր∞

Yt = 0} ∈ (0, 1) (10)

This can be considered as a special case of a general program where the martingale{at}t∈[0,T ]

satisfying (3) is constructed in two steps: first determine amartingale{Yt}t∈[0,∞) satisfying
(10), and then the search for a time change bringing the half-axis [0,∞) onto the bounded
interval[0, T ). With this in mind, it appears natural to consider the solutions of the stochas-
tic differential equation

dYt = Φ′(Φ−1(Yt))dWt, Y0 ∈ (0, 1), t ≥ 0 (11)
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and more generally solutions of the stochastic differential equation

dYt = Θ(Yt)dWt, Y0 ∈ (0, 1), t ≥ 0, (12)

whereΘ is a nonnegative continuous function on[0, 1] satisfying Θ(0) = Θ(1) = 0.
We can then use Feller’s classification (see for example [10]or [11]) to check that such a
diffusion is conservative, does not reach the boundaries0 and1 in finite time, and satisfies
(10). This is indeed the case ifv(0+) = v(1−) = ∞ wherev(x) is defined by

v(x) = 2

∫ x

0.5
(x − y)

dy

Θ(y)
, x ∈ (0, 1)

Straightforward computations show that the solution of thestochastic differential equation
(12) does indeed satisfy these conditions. In other words, the solution(Yt)t∈[0,∞) does not
hit 0 and1 in finite time with probability one.

2.1.1 More Examples

For the sake of completeness, we conclude this section with the discussion of a couple of
examples of martingales in[0, 1] which satisfy (3). This subsection can be skipped in a first
reading. Indeed, because of the intuitive meaning attachedto the definition (5), we will use
the martingale model for(at)t∈[0,T ] introduced in Proposition 1 throughout the paper.

We first note that the stochastic differential equation

dXt =
√

2dWt + Xtdt

with initial conditionX0 = x0 has the solution

Xt = et
(

x0 +
√

2

∫ t

0
e−sdWs

)

and that:

lim
t→∞

Xt = +∞ on the set{
∫ ∞

0
e−sdWs > −x0}

lim
t→∞

Xt = −∞ on the set{
∫ ∞

0
e−sdWs < −x0}

Moreover, a direct application of Ito’s Lemma shows that theprocess{Yt}t∈[0,∞) defined
by

Yt = Φ(Xt), t ∈ [0,∞)

is a martingale. Moreover, it clearly satisfies (10). Noticethat

dYt =
√

2Φ′(Xt) dWt =
√

2Φ′(Φ−1(Yt)) dWt

which shows thatYt is a solution of the stochastic differential equation (12) with Θ(x) =√
2Φ′(Φ−1(x)) for all x ∈ (0, 1).
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Similar explicit examples can be constructed from the analysis of [2] which we learned
from Mike Terhanchi (who extended the argument of [2] to Lévyprocesses in [21]). If we
now set

Xt = e−Wt+ct

(

X0 −
∫ t

0
eWs−cs(a ds + dBs)

)

, X0 ∈ R

for some constantsc > 0 anda ∈ R, and where{Wt}t∈[0,∞) and{Bt}t∈[0,∞) are indepen-
dent Wiener processes, then{Xt}t∈[0,∞) satisfies

dXt =

[(

c +
1

2

)

Xt − a

]

dt − XtdWt − dBt, t ∈ [0,∞)

and

lim
t→∞

Xt = −∞ on the set{
∫ ∞

0
eWs−cs(a ds + dBs) > X0},

lim
t→∞

Xt = +∞ on the set{
∫ ∞

0
eWs−cs(a ds + dBs) < X0}.

Now if we define the functionG by G(x) =
∫ x
−∞ g(y)dy for all x ∈ R where the function

g is

g(y) = C
e2a tan−1 y

(1 + y2)c+1/2
, y ∈ R,

with the constantC > 0 chosen so that
∫ +∞
−∞ g(y)dy = 1, then it is easy to check that

1

2
g′(y)(1 + y2) + g(y)[(c +

1

2
)y − a] = 0

which in turn implies thatYt = G(Xt) is a martingale. Clearly, this martingale satisfies the
limits (10). Moreover, a simple application of Itô’s formula shows that{Yt}t is a solution
of the stochastic differential equation (12) withΘ(y) = g(G−1(y))

√

1 + G−1(y)2.

3 Model Parametrization and Calibration

We now show how to calibrate the model introduced in the previous section. Note that the
choice of the function(0, T ) ∋ t →֒ σs affects only the time-change part of the model. In
other words, our model is universal in the sense that it is completely determined up to a
deterministic time change. Moreover, Proposition 1 shows that when modeling the random
variableΓT by (4), we must assume that the function(0, T ) ∋ t →֒ σs is not constant.
Indeed, a constant volatility

σs ≡ σ̄ ∈ (0,∞) for all s ∈ [0, T ]

would give, independently on the choice ofσ̄, the same process

at = Φ

(

Φ−1(a0)
√

T + Wt√
T − t

)

(13)
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with dynamics

dat = Φ′(Φ−1(at))
1√

T − t
dWt. (14)

Thus, with a constant and deterministicσ̄ it is impossible to match both, the recent al-
lowance price and the recently observed (instantaneous) fluctuation intensity. This suggests
that we introduce two degrees of freedom to (14) resulting inthe model

dat = Φ′(Φ−1(at))
√

β(T − t)−αdWt (15)

with additional parametersα ∈ R, β ∈ (0,∞). At this stage, it is not clear whichα
andβ correspond to a given choice of(σs)s∈[0,T ]. In what follows, we solve this problem
determining the function family

(σs(α, β))s∈(0,T ), α ≥ 1, β > 0, (16)

such that with the choice(σs = σs(α, β))s∈(0,T ) the process(at)t∈[0,T ] defined by (5)
actually satisfies (15). Furthermore, we show how to calibrate the parameterized family
(16) to historical data.

As seen from (4), the function(0, T ) ∋ s →֒ σs enters the dynamics of(at)t∈[0,T ] in
(7) indirectly, through the time-change function(0, T ) ∋ t →֒ zt defined in (8). The
correspondence between the functionsσ andz is identified in the following

Lemma 1. a) Given square-integrable continuous and positive function (0, T ) ∋ s →֒
σs, the function(0, T ) ∋ t →֒ zt defined by

zt =
σ2

t
∫ T
t σ2

udu
, t ∈ (0, T ), (17)

satisfies

(zt)t∈(0,T ) is positive, continuous and lim
tրT

∫ t

0
zudu = +∞. (18)

b) Conversely, if the function(0, T ) ∋ t →֒ zt satisfies (18) then there exists a square
integrable, positive-valued and continuous function(0, T ) ∋ s →֒ σs which satisfies
(17).

Proof. a) Write (17) asztϕt = σ2
t for t ∈ (0, T ) where

ϕt =

∫ T

t
σ2

udu for all t ∈ [0, T ]

which implies thatϕ̇t = −σ2
t for t ∈ (0, T ) and ensures to conclude thatϕ satisfies the

following differential equation:

ztϕt = −ϕ̇t t ∈ (0, T ).
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The solution to this equation is given by

ϕt = ϕ0e
−
∫ t

0
zudu t ∈ [0, T ),

and form the terminal conditionϕT =
∫ T
T σ2

udu = 0, we conclude that

lim
t↑T

∫ t

0
zudu = +∞.

b) Let us now suppose that(zt)t∈(0,T ) satisfies (18), and let us define the positive and con-
tinuous function(ϕt)t∈[0,T ) by

ϕt = e−
∫ t

0 zudu t ∈ [0, T ).. (19)

It satisfies
ϕ̇t = −ztϕt, t ∈ (0, T ), (20)

hence, we have

− zt =
ϕ̇t

ϕt
t ∈ (0, T ). (21)

Now, observe that the divergence of the integral ensures theexistence of the limit

ϕT = lim
t↑T

e−
∫ t

0
zudu = 0.

which yields

ϕt = −
∫ T

t
ϕ̇udu t ∈ (0, T ). (22)

With this representation, (21) is given as

−zt =
ϕ̇t

ϕt
= − ϕ̇t

∫ T
t ϕ̇udu

.

Thus, with definition
σ2

t = −ϕ̇t t ∈ (0, T ) (23)

we obtain the representation (17). Moreover, this function(23) is positive and continuous
due to (19) and (20) and also integrable because of1 = ϕ(0) = −

∫ T
0 ϕ̇udu which follows

from (19) and (22). Consequently, the function defined byσt :=
√

σ2
t for t ∈ (0, T ) is a

square integrable, continuous, and positive. Furthermoreit represents(zt)t∈(0,T ) by (17),
as required.

We return to the expression (4) forΓT , using now the targeted family (16) to determine
the stochastic differential equation (15). In light of the previous lemma, the function

(zt(α, β) = β(T − t)−α)t∈(0,T ),

must satisfy (18), implying the following restrictions on parametersα, β ∈ R

β > 0 and α ≥ 1. (24)
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In what follows, we use the fact thatβ is a multiplicative parameter in the sense that

zt(α, β) = βzt(α, 1), t ∈ (0, T ), β > 0, α ≥ 1. (25)

The function(σt(α, β))t∈(0,T ) associated to(zt(α, β))t∈[0,T ] via previous lemma is given
by:

σt(α, β)2 = zt(α, β)e−
∫ t

0
zu(α,β)du (26)

=

{

β(T − t)−αeβ T−α+1−(T−t)−α+1

−α+1 for β > 0, α > 1
β(T − t)β−1T−β for β > 0, α = 1

(27)

for all t ∈ (0, T ).

3.1 Historical Calibration

Consider historical observation of the futures prices(At)t∈[0,T ], recorded at times

t1 < t2 <, . . . , < tn+1.

resulting in a data set

(ati(ω) =
1

π
Ati(ω))n+1

i=1 . (28)

Assuming dynamics of the form

dat = Φ′(Φ−1(at))
√

zt(α, β)dWt

we use (25) to conclude that:

dat

Φ′(Φ−1(at))
=
√

zt(α, 1)
√

βdWt t ∈ [0, T ], (29)

showing that we should be able to determine the parametersβ > 0 and α ≥ 1 which
best explain the data (28). Let us fixα ≥ 1 momentarily to derive closed-form maximum
likelihood estimate forβ > 0. For the purpose of statistical estimation from historical
data, we need to work with the objective measureP which can be recovered from the spot
martingale measureQ via its Radon-Nikodym density

dP

dQ
= e

∫ T

0 HtdWt−
1
2

∫ T

0 H2
t dt.

For the sake of simplicity, we shall assume that the market price of risk process(Ht)t∈[0,T ]

is constant and deterministic with value

Ht ≡ h, t ∈ [0, T ]

for some fixedh ∈ R. Girsanov’s theorem implies that the process(Wt − ht)t∈[0,T ] is
a Brownian motion with respect to the objective measureP, and under the measureP, at

satisfies a stochastic differential equation with the same volatility and a new drift. The
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Euler scheme for this new stochastic differential equationjustifies the introduction fori =
1, . . . , n, of the quantities

Yi =
ati+1 − ati

Φ′(Φ−1(ati))
(30)

∆i = ti+1 − ti

zi(α) = zti(α, 1)

which can be computed from the observations (28), and for which the following assump-
tions can be made

UnderP, the random variables(Yi)
n
i=1 are

independent and normally distributed with
Yi ∼ N(

√

zi(α)
√

βh∆i, zi(α)β∆i)
for all i = 1, . . . , n.















(31)

Given assumption (31) for fixedα ≥ 1, the distribution of(Yi)
n
i=1 depends only on the

unknown parametersh ∈ R andβ > 0. Evaluated on realization(yi)
n
i=1 ∈ Rn, the log-

likelihood density (computed with respect to Lebesgue measure onRn) is

Ly1,...,yn(h, β, α) =
n
∑

i=1

(

−(yi −
√

zi(α)
√

βh∆i)
2

2∆iβzi(α)
− ln(

√

2π∆iβzi(α))

)

(32)

for all h ∈ R, β > 0, andα ≥ 1. For fixedα ≥ 1, the maximum-likelihood estimation of
the parametersh ∈ R andβ ∈ (0,∞) can be computed explicitly.

Lemma 2. For fixed α ≥ 1 the maximum of(h, β) → Ly1,...,yn(h, β, α) on (h, β) ∈
R × (0,∞) is attained at the values(h∗, β∗) = (h∗(α), β∗(α)) given in terms of

x∗ =

(

n
∑

i=1

yi
√

zi(α)

)(

n
∑

i=1

∆i

)−1

by

β∗ =
1

n

n
∑

i=1

(yi − ∆i

√

zi(α)x∗)2

∆izi(α)
, (33)

h∗ =
1√
β∗

x∗ (34)

Proof. For fixedα ≥ 1, fix β ∈ (0,∞) momentarily in order to computeh(β, α) as the
maximizer ofh 7→ Ly1,...,yn(h, β, α). It is obtained by solving

∂

∂h
Ly1,...,yn(h, β, α) =

n
∑

i=1

2(yi −
√

zi(α)
√

βh∆i)

2∆iβzi(α)

√

zi(α)
√

β∆i = 0.

which is equivalent to

n
∑

i=1

yi
√

zi(α)
√

β
=

n
∑

i=1

h∆i ⇒ h(β) =
1√
β

(

n
∑

i=1

yi
√

zi(α)

)(

n
∑

i=1

∆i

)−1

.

12



Now plug the expression

h(β, α) =
1√
β

x∗ (35)

into the formula (32) of the likelihood density and findβ∗(α) as the maximizer ofβ 7→
Ly1,...,yn(h(β, α), β, α) onβ ∈ (0,∞) by solving

∂

∂β
Ly1,...,yn(h(β, α), β, α) =

n
∑

i=1

(

(yi −
√

zi(α)∆ix
∗)2

2∆iβ2zi(α)
− 1

2β

)

= 0

which is equivalent to
n
∑

i=1

(yi −
√

zi(α)∆ix
∗)2

∆izi(α)
= nβ∗

and gives (33). Finally,β∗ must be plugged into (35) to obtain (34).

15
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time in months
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e
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Figure 1: Future prices on EUA with maturity Dec. 2012

To illustrate this result, we setα = 1 and computed the above estimates for the futures
prices reproduced on Figure 1, of the European Union Allowance for the second phase of
the European Emission Trading Scheme.

Normalizing these historical futures prices as in (28) withπ = 100, we extracted a real-
ization (yi)

n
i=1 ∈ Rn of the series(Yi)

n
i=1 defined in (30). The estimations (34) produced

the values
h∗ = h∗(1) = 0.4656, β∗ = β∗(1) = 0.4377.

To verify the validity of our procedure, we determine

wi =
yi −

√

zi(1)
√

β∗h∗∆i
√

zi(1)β∗∆i

, i = 1, . . . , n,

13



Standard statistical analysis of theseresidualsconfirm the validity of our approach.

Finally, consider the identification ofα ≥ 1. Although there is no closed-form estimate
for this parameter, the maximum of the likelihood function can be determined numerically.
After plugging in(h∗(α), β∗(α)) from Lemma 2 into the likelihood function, we need to
find the maximizerα∗ of Ly1,...,yn(h∗(α), β∗(α), α) overα ≥ 1. Figure 2 gives the plot of
this likelihood as a function ofα.
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Figure 2: The maximum atα∗ = 1 of α 7→ Ly1,...,yn(h∗(α), β∗(α), α).

Obviously,α = 1 is a local maximum. Apparently, the allowance price data from Figure
1 give no support to the assumption thatα > 1. On this account, we suppose for the
reminder of this work thatα = 1. We work with the one-parameter family

σt(β)2 = β(T − t)β−1T β, t ∈ (0, T ), β > 0 (36)

to describe the risk-neutral allowance price time-evolution, and address the problem of op-
tion pricing under this standing assumption.

3.2 Option Pricing

Now, we turn our attention to the valuation of European call options written on allowance
futures price(At)t∈[0,T ]. The payoff of a European call with strike priceK ≥ 0 and matu-
rity τ ∈ [0, T ] is given by(Aτ −K)+ at maturityτ ∈ [0, T ]. Under the assumption that the

savings account{Bt}t∈[0,T ] is given byBt = e
∫ t

0 rsBsds for t ∈ [0, T ] for with determin-
istic short rate{rs}s∈[0,T ], this price can be computed in the model proposed in this paper.
Indeed, an arbitrage-free price at timet = 0 is

C0 =
Bτ

BT
EQ{(Aτ − K)+}. (37)

14



Now we use the explicit form of the allowance futures priceAτ = πΦ(Xτ ) with

Xτ = Φ−1(A0/π)

√

√

√

√

∫ T
0 σ2

sds
∫ T
τ σ2

sds
+

∫ τ
0 σsdWs
√

∫ T
τ σ2

sds
(38)

to conclude that the normal distributionN(µτ , ντ ) of the random variableXτ determines
the price (37) as

C0 = e−
∫ τ

0
rsds

∫

R

(πΦ(x) − K)+N(µτ , ν
2
τ )(dx). (39)

Let us compute the meanµτ = E{Xτ} and the varianceν2
τ = Var{Xτ}. According to the

standing assumptionα = 1, we have

σ2
t = β(T − t)β−1,

zt(1, β) = β(T − t)−1, β > 0, t ∈ (0, T ).

(We did not useT β from (36) in the first equation since a constant factor cancels out in the
fraction (17).) From this, we obtain

∫ T

τ
σ2

sds =
σ2

τ

zτ
= (T − τ)β, (40)

which implies that for allt ∈ [0, T ]

√

√

√

√

∫ T
0 σ2

sds
∫ T
τ σ2

sds
=

√

(

T

T − τ

)β

, and

∫ τ
0 σ2

sds
∫ T
τ σ2

sds
=

(

T

T − τ

)β

− 1. (41)

With this, we derive the mean and the variance ofXτ from (38):

µτ = Φ−1(A0/π)

√

(

T

T − τ

)β

,

ντ =

(

T

T − τ

)β

− 1.

In general, at any timet ∈ [0, τ ] prior to maturity, the price of the call is obtained similarly:

Proposition 2. In a one-compliance period model, with parametersα = 1, β > 0, the
price of European call with strike priceK ≥ 0 written on allowance futures price at time
τ ∈ [0, T ] is given at timet ∈ [0, τ ] by

Ct = e−
∫ τ

t
rsdsEQ((Aτ − K)+ | Ft),

=

∫

R

(πΦ(x) − K)+N(µt,τ , νt,τ )(dx)

with

µt,τ = Φ−1(At/π)

√

(

T − t

T − τ

)β

, and νt,τ =

(

T − t

T − τ

)β

− 1 (42)
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This result is obtained by a straightforward calculation using

Xτ = Φ−1(At/π)

√

√

√

√

∫ T
t σ2

sds
∫ T
τ σ2

sds
+

∫ τ
t σsdWs
√

∫ T
τ σ2

sds
0 ≤ t ≤ τ ≤ T,

instead of (38).

Let us illustrate the role of the parameterβ on option prices. In the following example, we
assume that the penalty isπ = 100 and we suppose that at the initial timet = 0 four years
prior to the compliance dateT = 4 the price of a futures contract, written on allowance
price atT is A0 = 25. For constant and deterministic continuously compounded interest
rater = 0.05 we consider European calls written on futures priceAτ at an intermediate
dateτ ∈ [0, T ] with strike price ofK = 25, whose price is to be calculated by (39).
We now illustrate the dependence of the option price upon thematurity of the option and
and parameterβ. Comparing three casesβ = 0.5, β = 0.8 and β = 1.1, Figure 3.2
shows that the call price is increasing inβ. Less surprisingly, the dependence onτ shows
that longer-maturity calls (with the same strike) are more valuable than their short-maturity
counterparts.
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ic
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Figure 3: Plots of the pricesC0(τ) at timet = 0 as functions of option maturityτ . The
graphs marked by2, △, and∇ stand forβ = 0.5, β = 0.8, andβ = 1.1 respectively. The
values of the other parameters are given in the text.

Let us stress the fact that, although there are no closed-form formulas for call prices, their
numerical evaluations can be performed very efficiently.

16



4 Multi-Compliance Periods Markets

So far, we focused on a generic cap and trade scheme modeled after the first phase of the EU
ETS, namely limited to one compliance period and without banking in the sense that unused
allowances become worthless at the end of the period. This isa strong simplification since
as already mentioned above, real-world markets are operating in a multi-period framework.
Furthermore, subsequent periods are connected by regulations, which are market design-
specific. In what follows, we consider an abstract but generic model of such a market and
focus on most natural rules for the period interconnection.

Presently, there are three regulatory mechanisms connecting successive compliance periods
in a cap-and-trade scheme. Their rules go under the names ofborrowing, lending and
withdrawal.

• Borrowing allows for the transfer of a (limited) number of allowances from the next
period into the present one;

• Banking allows for the transfer of a (limited) number of (unused) allowances from
the present period into the next;

• Withdrawal penalizes firms which fail to comply in two ways:by penalty payment
for each unit of pollutant which is not covered by credits andby withdrawal of the
missing allowances from their allocation for the next period.

From the nature of the existing markets and the designs touted for possible implemen-
tation, it seems that policy makers tend to admit unlimited banking and forbid borrowing.
Furthermore, the withdrawal rule is most likely to be included. Banking and withdrawal
seem to be reasonable rules to reach an emission target within a fixed number of periods,
because each success (resp. failure) in the previous periodresults in stronger (resp. weaker)
abatement in the subsequent periods.

4.1 Market Model

For the remainder of this section, we consider a two-period market model without bor-
rowing, with unlimited banking and with withdrawal. On thisaccount, we introduce two
periods[0, T ] and [T, T ′] and consider a filtered probability space(Ω,F , P, (Ft)t∈[0,T ′])
equipped with a distinct measureQ ∼ P which we view as the spot martingale measure.
Further, we introduce processes(At)t∈[0,T ], (A′

t)t∈[0,T ] for the futures contracts with ma-
turities at compliance datesT , T ′ written on allowance prices from the first and the second
period respectively. In order to exclude arbitrage, we suppose that the prices(At)t∈[0,T ] and
(A′

t)t∈[0,T ′] are martingales with respect to the spot martingale measureQ. Non-compliance
in the first and in the second periods occur on eventsN ∈ FT andN ′ ∈ FT ′ respectively.
As before, we assume that the savings account(Bt)t∈[0,T ′] is given by

Bt = e
∫ t

0 rsds, t ∈ [0, T ′] (43)
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for some deterministic short rate(rs)s∈[0,T ′]. The results of the previous section imply that
in the caseΩ \ N of the first-period compliance the allowance price drops

AT 1Ω\N = κA′
T 1Ω\N , (44)

whereκ ∈ (0,∞) stands for discount factor describing the interest rate effect

κ = BT B−1
T ′ = e−

∫ T ′

T
rsds.

The relation (44) is justified by considering spot prices. The random variableκA′
T is nothing

but the spot price at timeT of the second-period allowance. Because futures and spot price
agree at maturity,AT must be the spot price of the first period allowance atT . In the case
of compliance in the first period, the unused allowances can be banked, hence we have the
equality in (44).

In the case of non-compliance at the end of the first period, the withdrawal regulation
implies that

AT 1N = κA′
T 1N + π1N . (45)

Namely, the non-compliance in one pollutant unit at timeT costs a penaltyπ in addition to
one allowance from the next period which must be withdrawn atthe spot priceκA′

T .

Combining the results (44) and (45) we find out that the difference is

At − κA′
t = EQ(AT − κA′

T | Ft) = EQ(π1N | Ft) t ∈ [0, T ]

and must be modeled as{0, π}-valued martingale. We suggest to use the same methodology
as in one period model

At − κA′
t = πΦ(X1

t ) t ∈ [0, T ], (46)

where the Gaussian process(X1
t )t∈[0,T ] is introduced as previously in (9), with(σs)s∈[0,T ]

in parameterized form (27) and driven by a process(W 1
t ,Ft)t∈[0,T ′]of Brownian motion.

To model the second-period allowance futures price, a continuation of the cap-and-trade
system must be specified. If there is no agreement on long-term regulatory framework (as it
is the case for the most of the existing emission markets), the process(A′

t)t∈[0,T ] should be
specified exogenously. The simplest choice would be a Geometric Brownian motion with
constant volatility. Another idea to handle the uncertain continuation is to suppose that the
cap and trade system will be terminated after the second period. In this case,

A′
t = EQ(π1N ′ | Ft) t ∈ [0, T ′]

can also be modeled as in the one-period model

A′
t = πΦ(X2

t ) t ∈ [0, T ′]. (47)

Again, (X2
t )t∈[0,T ] is introduced as in (9), with a process{σ2

s}s∈[0,T ] chosen in parameter-
ized form (27) and driven by another Brownian motion(W 2

t ,Ft)t∈[0,T ′].
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4.2 Option Pricing

As an application of our two-period model, we consider pricing of European Calls. Consider
European Call option with strike priceK ≥ 0 and maturityτ ∈ [0, T ] written on futures
price of allowance from the first period. This contract yields a payoff

Cτ = (Aτ − K)+ at timeτ ∈ [0, T ].

Under the assumptions of the previous section, we start withthe computation of the price
C0

C0 = e−
∫ τ

0
rsdsEQ((Aτ − K)+)

of this option at timet = 0. Using the decomposition

(Aτ − K)+ = (Aτ − κA′
τ + κA′

τ − K)+,

we utilize our modeling of{0, π}-valued martingales (46) and (47) to express the terminal
payoff as

(Aτ − K)+ = (πΦ(X1
τ ) + κπΦ(X2

τ ) − K)+

with expectation

C0 = e−
∫ τ

0 rsdsEQ((Aτ − K)+)

= e−
∫ τ

0 rsdsEQ((πΦ(X1
τ ) + κπΦ(X2

τ ) − K)+)

= e−
∫ τ

0
rsds

∫

R2

(πΦ(x1) + κπΦ(x2) − K)+N(µτ , ντ )(dx1, dx2) (48)

whereN(µτ , ντ ) = FX1
τ ,X2

τ
stands for joint normal distribution ofX1

τ andX2
τ .

Let us derive the meanµτ and the covariance matrixντ under the standing assumption
α1 = α2 = 1, for β1 > 0, β2 > 0. We have

X1
τ = Φ−1(

A0 − κA′
0

π
)

√

(
T

T − τ
)β1 + β

1
2
1

∫ τ
0 (T − u)

β1−1
2 W 1

udu

(T − τ)
β1
2

X2
τ = Φ−1(

κA′
0

π
)

√

(
T ′

T ′ − τ
)β2 + β

1
2
2

∫ τ
0 (T ′ − u)

β2−1
2 W 2

udu

(T ′ − τ)
β2
2

.

Denoting byρ the correlation of the two Brownian motions(W 1
t )t∈[0,T ′] and(W 2

t )t∈[0,T ′]

[W 1,W 2]dt = ρdt, ρ ∈ [−1, 1],

we can apply the same argumentation to obtain the means

µ1
τ = E(X1

τ ) = Φ−1(
A0 − κA′

0

π
)

√

(
T

T − τ
)β1 ,

µ2
τ = E(X2

τ ) = Φ−1(
κA′

0

π
)

√

(
T ′

T ′ − τ
)β2,
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the variances

ν1,1
τ = Var(X1

τ ) =

(

T

T − τ

)β1

− 1,

ν2,2
τ = Var(X2

τ ) =

(

T ′

T ′ − τ

)β1

− 1,

and the covariance as

ν1,2
τ = ν2,1

τ = Cov(X1
τ ,X2

τ ) = β
1
2
1 β

1
2
2

∫ τ
0 (T − u)

β1−1
2 (T ′ − u)

β2−1
2 ρdu

(T − τ)
β1
2 (T ′ − τ)

β2
2

.

At timest ∈ [0, τ ] prior to maturity, the priceCt of the call is obtained similarly:

Proposition 3. In a two-compliance periods model as above, with parametersβ1, β2 > 0
and ρ ∈ (−1, 1), the price of the European Call with strike priceK ≥ 0 and maturity
τ ∈ [0, T ] written on first-period allowance futures price is given at timet ∈ [0, τ ] by

Ct = e−
∫ τ

t
rsds

∫

R2

(πΦ(x1) + κπΦ(x2) − K)+N(µt,τ , νt,τ )(dx1, dx2) (49)

with meanµt,τ

µ1
t,τ = Φ−1(

At − κA′
t

π
)

√

(
T − t

T − τ
)β1 (50)

µ2
t,τ = Φ−1(

κA′
t

π
)

√

(
T ′ − t

T ′ − τ
)β2 (51)

and covariance matrixνt,τ

ν1,1
t,τ = Var(X1

τ ) =

(

T − t

T − τ

)β1

− 1 (52)

ν2,2
t,τ = Var(X2

τ ) =

(

T ′ − t

T ′ − τ

)β1

− 1 (53)

ν1,2
t,τ = ν2,1

t,τ = β
1
2
1 β

1
2
2

∫ τ
t (T − u)

β1−1
2 (T ′ − u)

β2−1
2 ρdu

(T − τ)
β1
2 (T ′ − τ)

β2
2

. (54)

If we take a closer look at the computations involved in the valuation of the call price

Ct = Ct(τ, T, T ′, A0, A
′
0,K, r, β1, β2, ρ)

given by the formulas (49) – (54), we see that because of

Ct(τ, T, T ′, A0, A
′
0,K, r, β1, β2, ρ) = C0(τ − t, T − t, T ′ − t, A0, A

′
0,K, r, β1, β2, ρ)

for all t ∈ [0, τ ], it suffices to consider the caset = 0. The numerical evaluation of two
dimensional integral is easily performed by using a decomposition of the two-dimensional
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normal distribution. To ease the notation, let us skipt, τ to write µi = µi
t,τ , νi,j = νi,j

t,τ for
i, j = 1, 2. It holds

N(µ, ν)(dx1, dx2) = N(µ1,c(x2), ν
1,1,c)(dx1)N(µ2, ν2,2)(dx2) (55)

where the conditional mean and the conditional variance aregiven by

µ1,c(x2) = µ1 +
ν2,1

ν2,2
(x2 − µ2)

ν1,1,c = ν1,1 − (ν2,1)2

ν2,2

With factorization (55), the inner integral is calculated explicitly in the following cases
∫

R

(πΦ(x1) + κπΦ(x2) − K)+N(µ1,c(x2), ν
1,1,c)(dx1)

=

{

0 if K − πκΦ(x2) ≥ π

πΦ(
√

µ1,c(x2)
1+ν1,1,c ) + πκΦ(x2) − K if K − πκΦ(x2) ≤ 0

.

That is, the numerical valuation is required only in the case0 < K − πκΦ(x2) < π where
∫ ∞

Φ−1(K/π−κΦ(x2))
(πΦ(x1) + κπΦ(x2) − K)N(µ1,c(x2), ν

1,1,c)(dx1)

needs to be calculated.

Having obtained the inner integral, the numerical evaluation of the outer integral is straight-
forward. Since the density of the normal distribution decays sufficiently fast, we do not ex-
pect neither numerical difficulties nor long computation times. In fact, we did not encounter
any problem implementing this formula.

For the sake of completeness, we illustrate the dependence of the call price onβ1 and
maturity of the call. To make the results comparable with theone-period example given
above, we chose the following parameters: four years to the first-period compliance date
T = 4, eight years to the second-period compliance dateT2 = 8, initial first-period al-
lowance futures price isA0 = 25, initial second-period allowance futures price isA′

0 = 15,
strike price of the European call isK = 25, interest rater = 0.05, andβ2 = 0.2. Figure
4.2 depicts the dependence of the call price on the value ofβ1 for the first period and of the
call maturityτ .
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Figure 4: Surface plots of the initial call price(τ, β1) 7→ C0(τ, β1) as function of maturity
τ andβ1 for correlationρ = 0.8 (top) andρ = −0.8 (bottom). The values of the other
parameters are given in the text.

5 Conclusion

Mandatory emission markets are being established throughout the world. In the most mature
market, the European Emission Trading Scheme, beyond physical allowances, a large vol-
ume of allowance futures is traded. Furthermore, European options written on these futures
are introduced and traded although no theoretical foundation for their pricing is available
yet.

The goal of this work is to fill this gap. In our analysis, we gradually move from
one-period market model to a more realistic situation of two-period markets (covering the
present EU ETS regulations) and show that martingales finishing at two-valued random vari-
ables can be considered as basic building blocks which form the risk-neutral futures price
dynamics. We suggest a model for two-valued martingales, flexible in terms of time- and
space changing volatility and capable to match the observedhistorical or implied volatility
of the underlying future. From hedging perspective, this issue could be one of the most
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desirable model properties. Other practical aspects like ease of calibration and simple op-
tion valuation schemes are also fulfilled in our approach. Weshow how parameters can be
estimated from historical price observation and suggest efficient option valuation schemes.
Although option price formulas are not available in a closedform, a simple and fast numer-
ical integration can be applied.
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6 Appendix: An implementation in R

Let us elaborate on the implementation aspects in the valuation of European Calls on Emis-
sion allowances.

The function for the one-period formula

Ct = e−
∫ τ

t
rsdsEQ((Aτ − K)+ | Ft)

=

∫

R

(πΦ(x) − K)+N(µt,τ , νt,τ )(dx)
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where

µt,τ = Φ−1(At/π)

√

(

T − t

T − τ

)β

νt,τ =

(

T − t

T − τ

)β

− 1.

is realized by

Call1<-function(ta, Tmat , A, K, r, beta1)

with parameters

• ta corresponds toτ − t, time to options maturity

• Tmat stands forT − t, time to the final compliance

• penalty, A, K, r, beta1 correspond to the model parameters
π, At, K, r, β

The implementation code is

Call1<-function(ta, Tmat , A, K, r, beta1)
{ mu<-qnorm(A/penalty)*(Tmat/(Tmat-ta))^(beta1/2)

nu<-(Tmat/(Tmat-ta))^beta1-1
f<-function(x)
{(penalty*pnorm(x)-K)*dnorm(mean=mu, sd=sqrt(nu), x) }
return(exp(-r*ta)*integrate(f, qnorm(K/penalty), Inf)$value)

}
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The function for the two-period formula

Ct = e−
∫ τ

t
rsds

∫

R2

(πΦ(x1) + κπΦ(x2) − K)+N(µt,τ , νt,τ )(dx1, dx2)

with meanµt,τ

µ1
t,τ = Φ−1(

At − κA′
t

π
)

√

(
T − t

T − τ
)β1

µ2
t,τ = Φ−1(

κA′
t

π
)

√

(
T ′ − t

T ′ − τ
)β2

and covariance matrixνt,τ

ν1,1
t,τ = Var(X1

τ ) =

(

T − t

T − τ

)β1

− 1

ν2,2
t,τ = Var(X2

τ ) =

(

T ′ − t

T ′ − τ

)β1

− 1

ν1,2
t,τ = ν2,1

t,τ = β
1
2
1 β

1
2
2

∫ τ
t (T − u)

β1−1
2 (T ′ − u)

β2−1
2 ρdu

(T − τ)
β1
2 (T ′ − τ)

β2
2

.

is realized by

Call1<-function(ta, Tmat1, Tmat2 , A1,A2, K, r, beta1, beta2, rho)

with parameters

• ta corresponds toτ − t, time to options maturity

• Tmat1 stands forT1 − t, time to the first period compliance

• Tmat2 stands forT2 − t, time to the second period compliance

• A1 stands forAt, first-period allowance futures price

• A2 stands forA′
t, second-period allowance futures price

• beta1, beta2 stands forβ andβ′ respectively

• rho denotes the correlationρ

• penalty, K, r, correspond to the model parameters
π, K, r

The implementation code is
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Call2<-function(ta, Tmat1, Tmat2 , A1,A2, K, r, beta1, beta2, rho)
{
kapp<-exp(-r*(Tmat2-Tmat1))
mu1<-qnorm((A1-kapp*A2)/penalty)*(Tmat1/(Tmat1-ta))^(beta1/2)
mu2<-qnorm((kapp*A2)/penalty)*(Tmat2/(Tmat2-ta))^(beta2/2)
nu11<- (Tmat1/(Tmat1-ta))^(beta1) -1
nu22<- (Tmat2/(Tmat2-ta))^(beta2) -1
g<-function(u)
{ (Tmat1-u)^((beta1-1)/2)*(Tmat2-u)^((beta2-1)/2)
}
nu12<-sqrt(beta1*beta2/((Tmat1-ta)^(beta1)*
(Tmat2-ta)^(beta2)))*integrate(g, 0, ta)$value*rho
nu1c<-nu11-(nu12)^2/nu22

GG<-function(x)
{

mu1c<-mu1+(x-mu2)*(nu12/nu22)
Kc<-K-kapp*penalty*pnorm(x)

if (Kc>=penalty)
result<-0

if (Kc<=0)
result<-penalty*pnorm(mu1c/sqrt(1+nu1c))-Kc

if ((0<Kc)&(Kc<penalty))
{
f<-function(x)
{(penalty*pnorm(x)-Kc)*dnorm(mean=mu1c, sd=sqrt(nu1c), x)}

result<-integrate(f, qnorm(Kc/penalty), Inf)$value
}
return(result*dnorm(mean=mu2, sd=sqrt(nu22),x))

}

GGG<-Vectorize(GG)
return(exp(-r*ta)*integrate(GGG, -Inf, Inf)$value)
}
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