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Abstract

The existence of mandatory emission trading schemes ingéluand the US, and
the increased liquidity of trading on futures contracts @, @missions allowances,
led naturally to the next step in the development of theseketsr these futures con-
tracts are now used as underliers for a vibrant derivativéetaln this paper, we give
a rigorous analysis of a simple risk-neutral reduced-forodet for allowance futures
prices, demonstrate its calibration to historical data, strow how to price European
call options written on futures contracts.

Key words Emission derivatives, Emissions markets, Cap-and-traderses, Envi-
ronmental Finance.

1 Introduction

Global warming and environmental problems continue tolehgke policy makers. In part
because of the success of the U.S. Acid Rain Program, cafraae systems are now
considered as one of the most promising ways to combat disteinge on an international
scale. The core principle of such a mechanism is based ontlaorey which allocates fully
tradable credits among emission sources and sets a peeaity fmid per unit of pollutant
which is not offset by a credit at the end of a pre-determinedod. The idea is that the
introduction of emission trading leads to price discoverparmits which helps to identify
and to exercise the cheapest emission abatement measordbsisireason, market-based
mechanisms for emission reduction are supposed to yieldtjgol control in the cheapest
way for the society. Notwithstanding the fact that the r@a equilibrium analysis froni]4]
and [5] confirm that social optimality does not necessariBamthat the scheme is cheap
for consumers, emission trading should be considered astaftfwient and effective tool.
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By its very nature, the regulatory framework of any mandatap-and-trade system in-
volves its participants in a risky business, necessardwating the need for appropriate risk
management. Trading of certificates from a mandatory schisnypically accompanied
by an active secondary market where diverse emissioretefatancial assets (futures) in-
cluding a fast-growing variety of their derivatives areded. In this work, we address the
problem of risk neutral modeling of emission certificatesir @pproach can be considered
as a reduced form modeling intended to describe evoluti@mu$sion-related assets from
the perspective of risk-neutral dynamics. With this cdmition, we suggest a quantitative
framework suitable for pricing diverse emission-linkedidsive instruments.

Despite the large number of pieces in the popular press amémus speculative articles
in magazines, the scientific literature on cap-and-tragéesys is rather limited, especially
if one restricts ourselves to quantitative analysis. Ferdake of completeness, we briefly
review the publications related to our contribution. He®nomic theorpf allowance trad-
ing can be traced back td [9] arid[14] whose authors proposeatket model for the public
goodenvironmendescribed by tradable permitBynamic allowance tradings addressed
in [8], [22], [L§], [12], [14], [20], [I3] and in the literate cited therein.Empirical evi-
dence from existing markeitsdiscussed in7]. This paper suggests economic implications
and hints at several ways to model spot and futures allowarices, whose detailed inter-
relations are investigated in[23] arld[24]. There, the dearfar derivative instruments in
emission markets is also addressedIn [1] characterigbigepties for financial time series
are observed for prices of emission allowances from the atang European Scheme EU
ETS. Furthermore, a Markov switch and AR-GARCH models iggested. The work[15]
considers also tail behavior and the heteroscedastic dgaamthe returns of emissions
allowance pricesDynamic price equilibrium and optimal market desigre investigated
in [4] which provides a mathematical analysis of the markgtildrium and uses optimal
stochastic control to show social optimality. Based ondlpigroach,[15] discusses price for-
mation for goods whose production is affected by emissigulegions. In this setting, an
equilibrium analysis confirms the existence of the so-dalléndfall profits (seel[19]) and
provides quantitative tools to analyze alternative madestigns, which are applied inl[3]
to optimize a cap-and-trade mechanism for a proposed Jepamaission trading scheme.
Pricing of optionswas addressed only recently. The papér [7] discusses argemolas
emission permit price dynamics within equilibrium settiagd elaborates on valuation of
European option on emission allowances. The wiork [18] aadlissertation [25] deal with
the the risk-neutral allowance price formation within EUEHere, utilizing equilibrium
properties, the price evolution is treated in terms of meigabatement costs and optimal
stochastic control. Also the workl[6] is devoted to optioicimg within EU ETS. The au-
thors suppose that the drift of the underlying is relatedhadden variable which describes
the overall market position in allowance contracts and made of filtering techniques to
derive option price formulas which reflect specific allowamanking regulations, valid in
the EU ETS.

The present paper is organized as follows. First, we disgusedel of an emission mar-
ket within one compliance period. Sectidn 2 introduces ssct risk neutral models based
on the analysis of diffusion martingales ending up with tvatues. Sectiof]3 investigates
historical model calibration for one of these models. Indbeond part of the paper, we gen-
eralize our analysis to a more realistic multi-period framek which incorporates generic



features of the real-world emission markets. Sedflon 4ige®the modifications necessary
to extend the results of the one-period model and we show bgwitce European options
on allowance futures prices in this general set-up.

2 Risk Neutral Model for a Single Compliance Period

In this section, we consider a simple model for an abstraéssam market. We restrict
ourselves to a single compliance period, $&yl'|. The more realistic case of a multi-
period models is treated in Sectidn 4.

In the one-period setting, credits are allocated at thenmég of the period in order to
enable allowance trading until tinié and to encourage agents to exercise efficient abate-
ment strategies. At the compliance ddte market participants cover their emissions by
redeeming allowances, or pay a penaitper unit of pollution not offset by credits. In this
one-period model, unused allowances expire worthless atowet allow for banking into
the next period. Under natural assumptions, equilibriuaiyesis shows that the allowance
price Ar at compliance daté’ is a random variable taking only the valugandr (see [4]
and [B]). More precisely, if the market remains under thgeapollution level, then the
price approache8. Otherwise, the allowance price tends to the penalty level

All the relevant asset price evolutions are assumed to bendby adapted stochastic
processes on a filtered probability spd€e 7, P, (F;).c[0,77), On which we fix an equiv-
alent probability measur@® ~ P which we call the spot martingale measure.We denote
by (A¢)ejo,m the price process of a future contract with maturity datevritten on the
allowance price. Given the digital nature of the termindwahnce priceAr, the central
object of our study is the evenl¥ C Fr of non-compliance which settles tH®, 7}-
dichotomy of the terminal futures price by

Ap = mly. (1)

Furthermore, a standard no-arbitrage argument showshattures pricé A; ),y r) needs
to be a martingale for the spot martingale meagurélence, the problem of allowance price
modeling reduces to the appropriate choice of the martngal

Ay = 7EQ(1x |F), telo,T).

There are many candidates for such a process, but no obvimisecseems to be versa-
tile enough for the practical requirements described beldw important requirement is
the need to match the observed volatility structure. Foraatgioner trying to calibrate at
time 7 € [0,7] a model for the martingal@A;) ¢~ 7] which finishes a0 or 7, the mini-
mum requirements are to match the price observed atitinas well as the observed price
fluctuation intensity up to this time. Further model requirements include the existence
of closed-form formulas or at least fast valuation schenoesEfiropean options, a small
number of parameters providing sufficient model flexibjlapd reliable and fast parameter
identification from historical data. The goal of this papetd present and analyze simple
models satisfying these requirements.



Our starting point is the non-compliance evénte Fr which we describe as the event
where a hypothetic positive-valued random varidbjeexceeds the boundaty

N ={Tp>1}.

If one denotes by the total pollution within the period), 7') which must be balanced
against the total numbeyr € (0,00) of credits issued by the regulator, then the event of
non-compliance is given by

N ={Ep >~}
which suggests thdt; should be viewed as the normalized total emisdign’v. However,
in our modeling, we merely describe the non-compliance tev8trictly speaking, so any
random variablé 1 with

{I'r > 1} ={Er/y > 1}

would do as well. On this account, we do not claim thatrepresents the total normalized
emissionEr /7.

So we will consider the martingale
Ay =7E%(1p,s1y |F), te€(0,T)

where the random variablér is chosen from a suitable parameterized family of random
variables
{r% : 90 2)

For reasons of model tractability, we suppose that the édtgrobability space supports a
procesg W;) <o,y Of Brownian motion with respect to the spot martingale meagy and
we investigate familied]2) which give allowance prices

AY = WE@Q{F%ZI} |Fy), te[0,T]
with a Markovian stochastic evolution of the form
dAY =9 (t, AY)dw,

where the diffusion term’ captures the basic properties of historical allowanceegridn
particular, we will match exactly the observed initial alence price and the initial instan-
taneous price fluctuation intensity.

To simplify the notation, we consider the normalized futupeice process
1 Q
ay = %At = E (1{FT21} ’ft) t e [O,T]

and we describe it under special assumptiond’gn Our goal is to identify classes of
martingales{a, }c[o,r) taking values in the intervdD, 1), and satisfying

IP’{th/n% ap=1}=1- IP’{th/n% a; =0} € (0,1). (3)
We first identify a parametric family of such martingales bgriing backward from a

simple model for the random variablg- which may be interpreted as a proxy for the final
cumulative level of emissions.



2.1 Basic Modé€

Throughout the paper we use the notatify, o2) for tee normal distribution with mean
w and variancer?, and write® to denote the distribution function of the standard normal
distribution.

Proposition 1. Suppose that
Iy — F(]efOT USdWS_%-bT a’?ds’ Iy € (0’ OO) (4)

for some continuous and square-integrable deterministiction (0,7°) > ¢t — oy. Then
the martingale

a; =B (Lyr>1y | F) £ €[0,7] 5)
is given by
O (ag)y/ Tagds + [T o dW,
4y = B (ao) fo fo (6)
ftT olds
and it solves the stochastic differential equation
day = ®' (D7 (ay)) /2 dW; (7

where the positive-valued functidf, 7') > t — z; is given by

2
Oy

m, G (O, T)- (8)
t Yu

Zt =

Proof. A direct calculation shows

ap = EQ(I{FT21}|JT1$) :Q{FTZ 1|ft}
_ Q{I’teftTUSdWS_%ftTagds >1 ’ft}

lnI‘t—— T 2d8
=
\/f o2ds
o [ mT0) + Jy s dWs — Ll o2ds

fT o2ds

— % In (FQ — 5 T 2d8 \/ fo 2d$ fO O'SdW
‘/fo 02ds \/ft o2ds \/ft olds

and taking into account the initial condition

In(To) — & [T o2ds
Vfo o2ds
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we obtain the desired expressiéh (6). In order to stidw (7)stest with [B)
a; = (Xy), te[0,T7],

where

T

fort e [O,T], Xg=x9 = (I)_l(ao) / U?ds (9)
0

To + fot osdW

ftT o2ds

X, =

with deterministicay € (0,1). Computing its 1td differential, we get
T . t 1 T 3
dX; = (/ o2ds) 200 dW; + (z0 +/ anWS)(—i)(/ o2ds)”2(—1)oldt
t 0 t
T 1 1 T
— (/ 02ds)"20,dW; + 5Xt(/ olds) toldt
t t
T
dX], = ( / o2ds) 102
t
and we derive the differential of the normalized allowandeqs as
1
dCLt = dq)(Xt) = (I)/(Xt)dXt + iq)”(Xt)d[X]t
1
= O'(Xy)dX; + 5(—Xt)<1>’(Xt)d[X]t
T L 1 T
— <I>’(Xt)(/ o2ds) 2o dW, + @’(Xt)iXt(/ o2ds)toldt
t t
1 T
+§(I)/(Xt)(—Xt)(/ O'gdS)_IO'?
t

T
= <I>'(Xt)(/ Jgds)_%atth
t
= (@ (ar))y/zdW;
with positive-valued function; defined by[[(B). O
The stochastic differential equatidd (7) can be intergtétethe following way. Because

of the factor,/z; in front of dW;, a; can be viewed as the time-changed version of a mar-
tingale{Y; };>o indexed by{0, c0), taking values ir(0, 1) and satisfying

P{lim ¥ =1} =1 -P{lim ¥; = 0} € (0, 1) (10)
This can be considered as a special case of a general prodrare the martingala; } (0,71
satisfying [B) is constructed in two steps: first determinesatingale{Y; }+co,) Satisfying
(@I0), and then the search for a time change bringing theeh@sff0, oo) onto the bounded

interval [0, T"). With this in mind, it appears natural to consider the sohaiof the stochas-
tic differential equation

dY; = &' (@ 1(Vy)dWs, Yy € (0,1), t>0 (11)

6



and more generally solutions of the stochastic differéstgation
dY; = 0(Y)dW,, Yy € (0,1), t>0, (12)

where © is a nonnegative continuous function @h1] satisfying©(0) = 0O(1) = 0.
We can then use Feller’s classification (see for exaniple ¢L{11]) to check that such a
diffusion is conservative, does not reach the bounda@risd1 in finite time, and satisfies
@@0). This is indeed the caseuif0+) = v(1—) = co wherev(z) is defined by

o[ w2
v =2 | @-ngls  wem

.5

Straightforward computations show that the solution ofdteehastic differential equation
(I3) does indeed satisfy these conditions. In other wohgssolution(Y;):c,c) does not
hit 0 and1 in finite time with probability one.

2.1.1 MoreExamples

For the sake of completeness, we conclude this section hathliscussion of a couple of
examples of martingales {f, 1] which satisfy [B). This subsection can be skipped in a first
reading. Indeed, because of the intuitive meaning attathtte definition[(b), we will use
the martingale model fofa; )0, 7] introduced in Propositiofl 1 throughout the paper.

We first note that the stochastic differential equation
dX; = V2dW; + Xydt

with initial condition X, = x has the solution
X, =€ (zog+ \/5/; e 2 dWy)
and that:
tlir& X; =+ on the set{/ooo e *dWs > —xo}

lim X; = —o0 on the set{/ e fdWs < —x0}
0

t—o00

Moreover, a direct application of Ito’s Lemma shows that phecess{Y; },¢(o ) defined
by
Y, = (Xy), t €10, 00)

is a martingale. Moreover, it clearly satisfi€sl(10). Noticat
dY; = V28 (X;) dW; = V20 (d7L(Y;)) dW;

which shows that; is a solution of the stochastic differential equatibnl (1Zhv® (z) =
V2@ (@1 (2)) for all x € (0, 1).



Similar explicit examples can be constructed from the asislgf [2] which we learned
from Mike Terhanchi (who extended the argument of [2] to Lévgcesses i [21]). If we
now set

t
X, = e Wetel (Xo - / e (ads + st)> , Xo€eR
0

for some constants > 0 anda € R, and where{W,; }1c(0,oc) @Nd{ B };c[0,0c) are indepen-
dent Wiener processes, théN, },c(0 ) satisfies

dXt = |:<C—|— %) Xt — CL:| dt - Xtth - dBt, te [0700)

and

lim X; = —oco  onthe sel{/ eV~ (ads + dBy) > Xo},
0

t—o0

o0
tlim X; =400  onthe sel{/ eV (ads + dB,) < Xo}.
— 00 0

Now if we define the functior by G(z) = [*__ g(y)dy for all 2 € R where the function
gis
e2atan’1 Y

(1 + y2)0+1/27

with the constan > 0 chosen so thaff;o g(y)dy = 1, then it is easy to check that

gly) =C y €R,

1

S/ +97) + 9)l(e + 3y —a] =0

which in turn implies that; = G(X;) is a martingale. Clearly, this martingale satisfies the
limits (X0). Moreover, a simple application of It6’s fornaushows tha{Y;}; is a solution

of the stochastic differential equatidn]12) wigy) = g(G~1(y))/1 + G~1(y)2.

3 Modd Parametrization and Calibration

We now show how to calibrate the model introduced in the previsection. Note that the
choice of the functior{0,7") > t — o, affects only the time-change part of the model. In
other words, our model is universal in the sense that it isptetaly determined up to a
deterministic time change. Moreover, Proposifibn 1 shdwaswhen modeling the random
variableI'r by @), we must assume that the functih 7)) > ¢t — o, is not constant.
Indeed, a constant volatility

os=0 € (0,00) forall se[0,7T)

would give, independently on the choiceafthe same process

ap = P <(I)_1(CL0)\/T+ Wt) (13)

T—1



with dynamics

da; = ®'(® ay)) dW;. (14)

1
VT —t
Thus, with a constant and deterministicit is impossible to match both, the recent al-
lowance price and the recently observed (instantaneougyétion intensity. This suggests
that we introduce two degrees of freedom[id (14) resultintpénmodel

da; = ' (@ (ay))/B(T — t)—2dW, (15)

with additional parameters € R, 3 € (0,00). At this stage, it is not clear which
and /3 correspond to a given choice 0f;) (o). In what follows, we solve this problem
determining the function family

(Js(a>ﬁ))s€(0,T)> o> laﬁ > 07 (16)

such that with the choicgéos = os(a, 3))se(o,r) the procesgay).cpo,r defined by [b)
actually satisfies[{15). Furthermore, we show how to cakbthe parameterized family
@@3) to historical data.

As seen from[{¥), the functiof0,T) > s — o5 enters the dynamics dfi;)icpo,7) in
@@ indirectly, through the time-change functiéf,7) > t <— 2z defined in[B). The
correspondence between the functiersndz is identified in the following

Lemmal. a) Given square-integrable continuous and positive fumctd, 7') > s —
os, the function(0,7) > t — 2z, defined by

2
Oy

2t = s t e (O,T), (17)
ftT o2du
satisfies
t
(2t)te(o,r) s positive, continuous and th/n%/ 2y du, = 4-00. (18)
0

b) Conversely, if the functiof0,T') > t — 2, satisfies[(IB) then there exists a square
integrable, positive-valued and continuous function?’) > s — o, which satisfies

@2).

Proof. a) Write [IT) as;;¢; = o7 for t € (0,T) where
T
O :/ oldu forallt e [0,T]
t

which implies thatp; = —o? for t € (0,7) and ensures to conclude thatsatisfies the
following differential equation:

240t = — P4 te (0,T).



The solution to this equation is given by
0 = Ype Jo zudu te[0,7),

and form the terminal conditiopy = fg o—gdu = 0, we conclude that

t

lim Zudu = +00.
T 0

b) Let us now suppose thét; ), 1 satisfies[(IB), and let us define the positive and con-
tinuous function(: ), (0,1 by

gr = e Jomde ¢ e0,T).. (19)
It satisfies
bt = — 2zt te(0,7), (20)
hence, we have .
=2 te(0,1). (21)
Pt

Now, observe that the divergence of the integral ensuresxiséence of the limit

—1; —ft Zudu _
or ltl%le 0 0.
which yields
T
o = —/ Oudu te(0,7). (22)
t
With this representation[_{P1) is given as
= b bt
©t 1 ¢udu
Thus, with definition
of =—¢i  te(0,T) (23)

we obtain the representatidn]17). Moreover, this func@) is positive and continuous
due to [IP) and{20) and also integrable because-6fy(0) = — fOT Py du which follows

from (I3) and[2R). Consequently, the function definedrpy= /o7 fort € (0,7) is a
square integrable, continuous, and positive. Furtherritospresentsz;),c o7y by (1),
as required.

We return to the expressiofll (4) for-, using now the targeted familf {{L6) to determine
the stochastic differential equatidnl15). In light of theygous lemma, the function

(Zt(Oé, ﬁ) = ﬁ(T - t)_a)tE(O,T)>
must satisfy[1B), implying the following restrictions oarametersy, 3 € R

>0 and «o>1. (24)
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In what follows, we use the fact thatis a multiplicative parameter in the sense that
zi(a, B) = Bze(a, 1), t€(0,T), >0, a>1. (25)

The function(o (v, ))e(0,) associated t@z;(«, 3)).c(0,7] Via previous lemma is given
by:

(e, B)2 = z(a, e Jomuledidu (26)
6T7(x+17(T7t —a+1
_ B(T —t) % —oFT forg>0,a>1 27)
B(T — P17 forg>0,a=1

forallt € (0,7).

3.1 Historical Calibration

Consider historical observation of the futures pri¢és),c(o 1, recorded at times
t1 <to<,...,<tpy1-

resulting in a data set
1
(ati (w) - ;Atz (W))?:Jﬁl- (28)

Assuming dynamics of the form

dat = <I>/(<I>_1(at))v Zt(Oé, ﬁ)th

we use[(Zb) to conclude that:

m = Vzl(a, 1)\/BdW,  te0,T), (29)
showing that we should be able to determine the parameéters 0 and« > 1 which
best explain the dat&(P8). Let us fix> 1 momentarily to derive closed-form maximum
likelihood estimate for3 > 0. For the purpose of statistical estimation from historical
data, we need to work with the objective measiBinehich can be recovered from the spot
martingale measur® via its Radon-Nikodym density

T T
@ —clo HydWi—3 [, Hidt

dQ

For the sake of simplicity, we shall assume that the markeef risk proces$H; ) (0,7
is constant and deterministic with value

HtEh, t e [O,T]

for some fixedh € R. Girsanov's theorem implies that the procé$g, — ht).c(o7 is
a Brownian motion with respect to the objective meadtirand under the measul® «,
satisfies a stochastic differential equation with the sawolatility and a new drift. The

11



Euler scheme for this new stochastic differential equajtistifies the introduction foi =
1,...,n, of the quantities

Qg Q.

b v 0
A; =ty —t
zila) = z,(a,1)

which can be computed from the observatidng (28), and fochvttie following assump-
tions can be made

UnderPP, the random variable&;)”_, are
independent and normally distributed wit

Y; ~ N(\/2zi(@)V/BhA;, zi(a) BA;)

foralli=1,...,n

(31)

Given assumption{31) for fixed > 1, the distribution of(Y;)? ; depends only on the
unknown parameters € R andg > 0. Evaluated on realizatiofy;)!" ; € R", the log-
likelihood density (computed with respect to Lebesgue measnR"™) is

- L — V(o i)
Lys,..yn(h, B,0) = Z <— (v 2A‘(ﬁz)‘(\£§hA S In( 27TA,-62,-(Q))> (32)
i=1 v

forall h € R, 8 > 0, anda > 1. For fixeda > 1, the maximume-likelihood estimation of
the parametersd € R andg € (0, co) can be computed explicitly.

Lemma 2. For fixeda > 1 the maximum ofh,3) — Ly, . (h,5,a) on (h,B) €
R x (0, 00) is attained at the valueg*, 3*) = (h*(«), 8*(«)) given in terms of

- m) > )

by
- Ly oAl 39)
n A;zi( )
1
h* = —a 34

Proof. For fixeda > 1, fix 5 € (0,00) momentarily in order to compute(3, «) as the
maximizer ofh — L,, ., (h,[,«a). Itis obtained by solving

9 “~ 2(y; — \/zi(a)V/BRA;)
O Lnn3,0) = 32U VEOWIIRD LG5 G — 0

P 200z ()

which is equivalent to

%\
VY
Il 3
I
Q|
2
N———
VY
1=
e
N——
L

Z\/zz—f ZhAZ = h(3

i=1
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Now plug the expression

h(B,a) = %w* (35)

into the formula [3R) of the likelihood density and find(«) as the maximizer off —
Ly17~~~,yn(h(ﬁa OZ), B, Oé) ong e (0, OO) by SOIVing

n ST A2
3L (h(ﬁ,oé),ﬁ,oz):z<(yl i(a)Ax") _i) —0

9B Yt — 20, 6%z () 26

which is equivalent to

" — Sl A )2
Z(yz i(a)Azz”) — ng*

pot Aizi(@)
and gives[(3B). Finally3* must be plugged intd_(B5) to obtain{34). O
T T T T T T T T T T T T T
01/07 03/07 05/07 07/07 09/07 11/07 01/08 03/08 05/08 07/08 09/08

time in months

Figure 1: Future prices on EUA with maturity Dec. 2012

To illustrate this result, we set = 1 and computed the above estimates for the futures
prices reproduced on Figulieé 1, of the European Union Allmedor the second phase of
the European Emission Trading Scheme.

Normalizing these historical futures prices asin (28) witk- 100, we extracted a real-
ization (y;)7, € R™ of the serieqY;)!" ; defined in[[(3D). The estimationS_{34) produced
the values

h* = h*(1) = 0.4656, g* = p"(1) = 0.4377.

To verify the validity of our procedure, we determine

_ Yi — \/Zi(l)Wh*Ai

wy , 1=1,...,n,

13



Standard statistical analysis of thessidualsconfirm the validity of our approach.

Finally, consider the identification @f > 1. Although there is no closed-form estimate
for this parameter, the maximum of the likelihood functi@nde determined numerically.
After plugging in(h*(«), 5*(«)) from Lemmad® into the likelihood function, we need to
find the maximizew* of L,, . (h*(a), 3" (), ) overa > 1. Figurel® gives the plot of
this likelihood as a function af.

log-likelihood
1205 1210 1215
| I

1200

1195

alpha

Figure 2: The maximum at* = 1 of a +— L, . (h*(«a), *(a), ).

Obviously,a = 1 is a local maximum. Apparently, the allowance price datanfiéigure
@ give no support to the assumption that> 1. On this account, we suppose for the
reminder of this work thatr = 1. We work with the one-parameter family

(B =BT -t)°'T°,  te(0,T), B>0 (36)

to describe the risk-neutral allowance price time-evolutiand address the problem of op-
tion pricing under this standing assumption.

3.2 Option Pricing

Now, we turn our attention to the valuation of European cptians written on allowance
futures price(A;)c(o,r)- The payoff of a European call with strike pri¢e > 0 and matu-
rity 7 € [0, 7] is given by(A, — K)* at maturityr € [0, T]. Under the assumption that the
savings accounfB, },c(o 7] i given by B; = elosB«ds for ¢ e [0, T] for with determin-
istic short rate{r } ,c[o, 77, this price can be computed in the model proposed in thisrpape
Indeed, an arbitrage-free price at tirhe: 0 is

B,

%zﬁﬂmm—MW. (37)
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Now we use the explicit form of the allowance futures price= 7®(X ) with

X, =d 1 (Ay/7) (38)

to conclude that the normal distributia¥i (., v;) of the random variableX, determines
the price[(3V) as

Co = e I mods / (w®(z) — K)"N(ur, v2)(dr). (39)
R

Let us compute the mean, = E{X,} and the variance? = Var{ X, }. According to the
standing assumption = 1, we have

of = BT -t
z(1,8) = ﬁ(T_t)_1> B>0, te(0,T).

(We did not usel™® from (@8) in the first equation since a constant factor canoet in the
fraction [IT).) From this, we obtain

T

T 02
/ olds = —=(T- )", (40)

which implies that for alk € [0, T']

Jy o3ds _ fo ovds _ <TT >6—1. (41)

T
[ o2ds - 7' o2ds -7

With this, we derive the mean and the varianceXoffrom (38):

o = oy (7).

-
T \5
. = ~1.

In general, at any time < [0, 7] prior to maturity, the price of the call is obtained simiiarl

Proposition 2. In a one-compliance period model, with parameters= 1, 3 > 0, the
price of European call with strike pric& > 0 written on allowance futures price at time
7 € [0,T] is given at time € [0, 7] by

C, = e_ftT T’sdsEQ((AT — K)+ |ﬂ),
_ /R (7 () — K)" N (g7, v1,7) (do)

with

T—t\" T—t\"
:ut,T:(I)_l(At/ﬂ') <T—T>’ and Vt’T:<T—T> -1 (42)
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This result is obtained by a straightforward calculatiomgs

instead of [(3B).

Let us illustrate the role of the parameteon option prices. In the following example, we
assume that the penaltysis= 100 and we suppose that at the initial tihe= 0 four years
prior to the compliance daté = 4 the price of a futures contract, written on allowance
price atT is Ap = 25. For constant and deterministic continuously compoundéstest
rater = 0.05 we consider European calls written on futures priceat an intermediate
dater € [0,7] with strike price of K = 25, whose price is to be calculated Hy¥39).
We now illustrate the dependence of the option price uponrthturity of the option and
and parametef. Comparing three case$ = 0.5, 3 = 0.8 and3 = 1.1, Figure[3P
shows that the call price is increasing/n Less surprisingly, the dependenceoshows
that longer-maturity calls (with the same strike) are makiable than their short-maturity
counterparts.

call price
8
I

T T T T T
0 1 2 3 4

time in years

Figure 3: Plots of the price€§y(7) at timet = 0 as functions of option maturity. The
graphs marked by, », andv stand for3 = 0.5, 8 = 0.8, and3 = 1.1 respectively. The
values of the other parameters are given in the text.

Let us stress the fact that, although there are no closed{ftnmulas for call prices, their
numerical evaluations can be performed very efficiently.
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4 Multi-Compliance Periods M arkets

So far, we focused on a generic cap and trade scheme modeetheffirst phase of the EU
ETS, namely limited to one compliance period and withoutkioanin the sense that unused
allowances become worthless at the end of the period. Thistgong simplification since
as already mentioned above, real-world markets are opgritia multi-period framework.
Furthermore, subsequent periods are connected by remdativhich are market design-
specific. In what follows, we consider an abstract but genmadel of such a market and
focus on most natural rules for the period interconnection.

Presently, there are three regulatory mechanisms congesiccessive compliance periods
in a cap-and-trade scheme. Their rules go under the namberamiwing, lending and
withdrawal

e Borrowing allows for the transfer of a (limited) number dibavances from the next
period into the present one;

e Banking allows for the transfer of a (limited) number of (ged) allowances from
the present period into the next;

< Withdrawal penalizes firms which fail to comply in two waysy penalty payment
for each unit of pollutant which is not covered by credits &ydwithdrawal of the
missing allowances from their allocation for the next perio

From the nature of the existing markets and the designsddotepossible implemen-
tation, it seems that policy makers tend to admit unlimitedking and forbid borrowing.
Furthermore, the withdrawal rule is most likely to be inadd Banking and withdrawal
seem to be reasonable rules to reach an emission targenaifiried number of periods,
because each success (resp. failure) in the previous pesalls in stronger (resp. weaker)
abatement in the subsequent periods.

41 Market Mode

For the remainder of this section, we consider a two-peri@itket model without bor-
rowing, with unlimited banking and with withdrawal. On thascount, we introduce two
periods [0, 7] and [T, 7'] and consider a filtered probability spa@@, 7, P, (F;):c(0,77])
equipped with a distinct measut@ ~ P which we view as the spot martingale measure.
Further, we introduce processes:);c(o, 11, (A’t)cjo,r for the futures contracts with ma-
turities at compliance datés, 7" written on allowance prices from the first and the second
period respectively. In order to exclude arbitrage, we sspphat the pricesd; )i (o 77 and
(Ag)te[om] are martingales with respect to the spot martingale me&guon-compliance

in the first and in the second periods occur on evénts Fr and N’ € Fr respectively.

As before, we assume that the savings accoBpl;c(o 7| is given by

By=elomds  tci0,T (43)
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for some deterministic short rate; ) c(o,7+- The results of the previous section imply that
in the case \ N of the first-period compliance the allowance price drops

Arlg\n = KAT1o\N, (44)

wherex € (0, co0) stands for discount factor describing the interest ratsceff
K = BTBJ_“Il _ e—f;: Tsds'

The relationl[2#) is justified by considering spot pricese Tandom variable A’. is nothing
but the spot price at timé of the second-period allowance. Because futures and sioet pr
agree at maturityd,- must be the spot price of the first period allowanc& atn the case
of compliance in the first period, the unused allowances edbdmked, hence we have the

equality in [43).

In the case of non-compliance at the end of the first periogl wtithdrawal regulation
implies that
ATlN:RAlTlN-i-ﬂ'lN. (45)

Namely, the non-compliance in one pollutant unit at tiMmeosts a penalty: in addition to
one allowance from the next period which must be withdrawthespot prices A/

Combining the result§{#4) and {45) we find out that the diffiee is
Ay — kA, =EYAr — kAL | F) =EQ(rly | F)  te0,T)

and must be modeled &8, 7 }-valued martingale. We suggest to use the same methodology
as in one period model

Ay — A, =7®(X})  tel0,T], (46)

where the Gaussian proce(s’étl)te[oﬂ is introduced as previously ifll(9), witlo;) ;< (o, 7]
in parameterized forni{27) and driven by a proc@sg', Ft)tefo,r,0f Brownian motion.

To model the second-period allowance futures price, a woation of the cap-and-trade
system must be specified. If there is no agreement on long+egulatory framework (as it
is the case for the most of the existing emission markets)ptbcesg A} ),c(o,ry should be
specified exogenously. The simplest choice would be a Gemnig&rownian motion with
constant volatility. Another idea to handle the uncertaintmuation is to suppose that the
cap and trade system will be terminated after the secondgdn this case,

A =E%riy | F)  te0,T]
can also be modeled as in the one-period model
A, =7m®(XP)  tel0, T (47)

Again, (X?)iejo.7 is introduced as if19), with a proceés2},¢(o 71 chosen in parameter-
ized form [2ZT) and driven by another Brownian motid#?, Fi)elo,r]-
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4.2 Option Pricing

As an application of our two-period model, we consider mgodf European Calls. Consider
European Call option with strike pricE > 0 and maturityr € [0, 7] written on futures
price of allowance from the first period. This contract yge&dpayoff

C.= (A, — K)" attimer €[0,T].

Under the assumptions of the previous section, we starttélcomputation of the price
Co .
Co=e i BE((A, - K)T)

of this option at timeg = 0. Using the decomposition
(A — K)" = (A, —rAL + kA — K)T,

we utilize our modeling of 0, 7 }-valued martingale§{46) and{47) to express the terminal
payoff as
(A, — K)" = (m®(X}) + sr®(X2) — K)T

with expectation
Co = e Jom®EQ((A, — K)*)
e~ Jo BEQ((r (X)) + kr®(X2) — K)T)
_ oI reds / (1) + 1 (z2) — K)PN (e (dar, diz)  (48)
R
whereN (yi-,v-) = Fx1 x2 stands for joint normal distribution of ! and X2.

Let us derive the meap, and the covariance matrix- under the standing assumption
a1 = ag = 1, for 51 > 0, B2 > 0. We have

T i i
T T VT — 7 1 (T—T)BTl

T Ba—1
2 @—1(“A6) ( T’ \6o -I-ﬁ% Jo (T —u) "2 Widu
T T — T 2 Bo .
T @)’

Denoting byp the correlation of the two Brownian motioi8/,' )10, and(W2) e po,7]

(W W?dt = pdt,  pe[-1,1],

we can apply the same argumentation to obtain the means

Ay — KA T
1 E X*l q)—l 0 0 3
NT ( ’T) ( T ) (T—T) 17
2 2 _1,84p 1
= FEFX2)=® B2
/’LT ( 7') ( T ) (T/_T) ?

19



the variances

and the covariance as

1(T’ —u)%pdu

<T—T>2<T/—T>%2

VI = 21— Cov(XL, X2) = @20 @

Attimest € [0, 7] prior to maturity, the pric&; of the call is obtained similarly:

Proposition 3. In a two-compliance periods model as above, with parameiers, > 0
andp € (—1,1), the price of the European Call with strike prid€ > 0 and maturity
7 € [0, T] written on first-period allowance futures price is giveniateét € [0, 7] by

C, = o I reds / (1) + R (w2) — K)EN (g, v (g, daa) (49)
R

u, = oA L (50)

with meanu, ,

_ -1 “AQ
/’[/t,T = @ ( T ) (T/ _7_) (51)
and covariance matrix; -

1,1 T —t\"
Viy = Var(X}!) = (T — -1 (52)

9.2 ) T — +\ ™
vy = Var(X7) = (T,_T> —1 (53)

B1—1 Ba—1
11 (T — 7 (T — > od

PR L T L i R ok ot (54)

(T—n)7 @ -7

If we take a closer look at the computations involved in thieaton of the call price
Cy = Cy(7, T, T, Ao, Ay, K, 1, 31, B2, p)
given by the formulad{49) -E(b4), we see that because of
Ci(r, T, T, Ao, Ay, K, 1, B1, B2, p) = Co(T — t, T — t,T" —t, Ao, Ay, K, 7, B1, B2, p)

for all t € [0, 7], it suffices to consider the case= 0. The numerical evaluation of two
dimensional integral is easily performed by using a decaitiom of the two-dimensional
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normal distribution. To ease the notation, let us skipto write y* = Miw VeI = yf:i for
1,7 = 1,2. It holds

N (. v)(dey, drz) = N(ph(x2), 11 (da1)N (42, v*2) (dx2) (55)

where the conditional mean and the conditional variancgisesn by

1 1 vi! 2
poi(e2) = p+ m(xz — 1)
ylle — L1 (V2’1)2
- 2.2

With factorization [Bb), the inner integral is calculategbkitly in the following cases

/R(WI)(xl) + k®(29) — K) TN (u"(29), v11¢) (dy)

0 if K—7mrd(zy) >
70 (\ ) + wred(wy) — K if K — mrd(ag) <

o 3

C(x
1+V1,1,c

That is, the numerical valuation is required only in the dase K — nx®(z2) < m where

/ (7®(x1) + kT ®(29) — K)N ("¢ (22), 1) (dy)
O~ (K/m—r®(z2))

needs to be calculated.

Having obtained the inner integral, the numerical evatuatif the outer integral is straight-
forward. Since the density of the normal distribution decawyfficiently fast, we do not ex-
pect neither numerical difficulties nor long computationes. In fact, we did not encounter
any problem implementing this formula.

For the sake of completeness, we illustrate the dependdrite call price ong; and
maturity of the call. To make the results comparable withdhe-period example given
above, we chose the following parameters: four years to thederiod compliance date
T = 4, eight years to the second-period compliance date= 8, initial first-period al-
lowance futures price id, = 25, initial second-period allowance futures pricedig = 15,
strike price of the European call 1§ = 25, interest rate- = 0.05, and/, = 0.2. Figure
E.2 depicts the dependence of the call price on the valyk fifr the first period and of the
call maturityr.
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Figure 4: Surface plots of the initial call pride, 51) — Cy(7, 1) as function of maturity

T and 3 for correlationp = 0.8 (top) andp = —0.8 (bottom). The values of the other
parameters are given in the text.

5 Conclusion

Mandatory emission markets are being established thraughe world. In the most mature
market, the European Emission Trading Scheme, beyondgatydiowances, a large vol-
ume of allowance futures is traded. Furthermore, Europe#ore written on these futures

are introduced and traded although no theoretical fouondtr their pricing is available
yet.

The goal of this work is to fill this gap. In our analysis, we dwally move from
one-period market model to a more realistic situation of-pgoiod markets (covering the
present EU ETS regulations) and show that martingales firgsdt two-valued random vari-
ables can be considered as basic building blocks which fbamisk-neutral futures price
dynamics. We suggest a model for two-valued martingalegipftein terms of time- and
space changing volatility and capable to match the obsdrigdrical or implied volatility
of the underlying future. From hedging perspective, thisiégscould be one of the most
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desirable model properties. Other practical aspects hise ef calibration and simple op-
tion valuation schemes are also fulfilled in our approach.st\&@v how parameters can be
estimated from historical price observation and suggésieit option valuation schemes.
Although option price formulas are not available in a clok®dh, a simple and fast numer-
ical integration can be applied.
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6 Appendix: An implementationin R

Let us elaborate on the implementation aspects in the vwatuat European Calls on Emis-
sion allowances.

The function for the one-period formula
G = e W BER(A, — K)Y|F)

— /R(W(I)(w) — K)+N(,ut,7'7 Vir)(dr)
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where

=)

-
T—t\"
Vt,T = T—+ — 1.

is realized by
Cal |l 1<-function(ta, Tmat , A, K, r, betal)
with parameters

e t a corresponds te — ¢, time to options maturity
e Trmat stands forl” — ¢, time to the final compliance

e penalty, A K, r, betal correspond to the model parameters
7, Ay, K, 1, 3

The implementation code is

Cal |l 1<-function(ta, Tmat , A, K, r, betal)
{ mu<-gnornm( A/ penalty)*(Trmat/(Tmat-ta))"(betall 2)
nu<-(Trmat/(Tmat-ta))"betal-1
f<-function(x)
{(penal ty*pnor n(x) - K) xdnor mn{ rean=mu, sd=sqrt(nu), x) }
return(exp(-rxta)*integrate(f, gnorn(K/ penalty), |nf)$val ue)
}
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The function for the two-period formula

Cy = e~ Ji Teds /2(7T<I>(:n1) + km®(x2) — K)" N (pt.7, v1.r) (dzy, das)
R

_ /
pr = @ At s \/

and covariance matriy

T B
thTl = Var(Xi)z( t> -1

with meany; -

T—rT1
T/_t 51
2,2
Vi, = Var(X?)z(T,_7_> -1

1,2 2.1 2 93
VtT_VtT - 512622

is realized by

Cal |l 1<-function(ta, Tmatl, Tmat2 , Al, A2, K, r, betal, beta2,

with parameters

 t a corresponds te — ¢, time to options maturity

e Trmat 1 stands fofl; — ¢, time to the first period compliance

e Trmat 2 stands fofl, — ¢, time to the second period compliance
* Al stands for4;, first-period allowance futures price

+ A2 stands forA}, second-period allowance futures price

» bet al, bet a2 stands for3 and 3’ respectively

 r ho denotes the correlation

e penalty, K, r, correspond tothe model parameters
T, K,r

The implementation code is

26

r ho)



Cal | 2<-function(ta, Tmatl, Tmat2 , Al, A2, K, r, betal, beta2, rho)
{

kapp<-exp(-r*(Tmat 2- Tmat 1))

nmul<- gnor m( (Al- kapp*A2)/penal ty)*(Trmat 1/ (Tmat 1-t a) ) ~( bet al/ 2)
mu2<- gnor m( (kapp*A2) / penal ty)*( Trat 2/ (Tmat 2-t a) ) *( bet a2/ 2)
null<- (Trmatl/(Trmat1-ta))~(betal) -1

nu22<- (Trmat2/ (Trmat 2-ta))(beta2) -1

g<-function(u)

{ (Tmat 1-u)*((betal-1)/2)*(Trmat 2-u)*((beta2-1)/2)

}

nul2<-sqrt(betalxbeta2/ ((Tmat1-ta)”(betal)*

(Tmat 2-ta) ~(beta2)))*integrate(g, 0, ta)$val uexrho
nulc<-null-(nul2)”"2/ nu22

GG<-function(x)
{
nmulc<- mul+(x-nu2)*(nul2/ nu22)
Kc<- K- kapp*penal t y* pnor n{ x)
i f (Kc>=penalty)
result<-0
i f (Kc<=0)
resul t <-penal t y*pnornm(nulc/sqrt(1+nulc))-Kc
if ((0<Kc) & Kc<penalty))
{

f<-function(x)
{(penal ty*pnor m x) - Kc) *dnor n{ mean=nulc, sd=sqrt(nulc), x)}
result<-integrate(f, qnorm(Kc/penalty), Inf)$val ue

}

return(resul t*dnor n{ nean=nu2, sd=sqrt(nu22), x))

}

GG&<- Vect ori ze( GG
return(exp(-rxta)*integrate(GGG -1nf, Inf)$val ue)
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